The Signature Theorem for Manifolds with Metric Horns
Jochen Briining Institut fur Mathematik Humboldt-Universitat zu Berlin
The results
The spectral analysis of geometric operators on compact Riemannian manifolds is a highly developed subject. In the last 15 years there has been increasing interest in extending the more successful parts of the theory to spaces with singularities. Usually, one deals with compact metric spaces which contain a Riemannian manifold, M, as a dense open subset. Then M can be decomposed as M=MiU£/
( 1.1) where Mi (the regular part) is a compact Riemannian manifold with boundary.TV, and U (the singular part) is open with N = QU. In the present discussion, the most prominent class of singular spaces are those with conic singularities in which case we assume that, as a manifold U = (0,5o) x N, 0 < £Q < 1, (1.2a)
equipped with the metric g = dx 2 Qx^g^.
Here x is the natural coordinate in (0, Co) and g^ is a smooth metric on N. Contributions to spectral analysis on these spaces may be found eg. in [Chl] , [Ch2] , [BS1] , [BS2] .
Natural examples of singular spaces arise eg. from projective varieties contained in some CP^, equipped with the Fubini-Study metric. Looking at the metric near isolated singularities one discovers, alas, structures which are far more complicated than conic singularities. To bridge the frustratingly wide gap seems, as of today, still rather hopeless. All we can offer here is a modest first step: we will, instead of (1.2b), allow metrics of the form
In the context at hand, Cheeger [Ch3] was apparently the first to study such spaces, he called them "manifolds with metric horns". The main concern of [Ch3] is the L 2 -Hodge theory, whereas Peyerimhoff and Lesch [P] , [LP] studied index problems for geometric operators on these spaces by extendending methods of regular singular analysis as developed by Briining and Seeley for conic singularities [BS1] , [BS2] . They did not succeed, however, in proving a Signature Theorem; this we will do here.
To be more specific, we introduce the signature operator on an oriented manifold, M, with metric horns: let m == dimM be even and consider on ^lo{M\ the space of compactly supported smooth forms, the operator D:=d+6.
( We identify D and J9+ with their closed extensions. It follows that both D^D+ and Dj^D\ coincide with their Friedrichs extensions on ^{M\ Thus, we obtain as usual
and we can take (1.5) as the basis to prove an index formula for jD+. The main tool in the proof is the asymptotic expansion of the function
as t -^ 0+, for / = 0,1. Such an expansion has been announced by Callias [Ca] in the most simple case of the scalar operator, 7^, which is the Friedrichs extension in
with domain C^°{0, oo). The complicated details of Callias 5 proof have not yet appeared, as far as we know. Moreover, his proof does not seem to provide good insight into the mechanism that creates the powers of t and log t figuring in the asymptotic expansion. We will show that the problem fits nicely into the framework of regular singular analysis. In fact, the asymptotic expansion will result from a natural generalisation of the Singular Asymptotics Lemma (SAL) in [BS3] . Thus, as Callias correctly though somewhat mysteriously remarks, manifolds with metric horns can be well understood from the point of view of "conical" analysis!
The main results of this note read as follows. Both theorems are known in the conic case so we will assume
in what follows.
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Proof of Theorem 1.2
The proof of this result can only be sketched here, the full details will appear elsewhere.
We begin with a suitable representation of D on U. It proceeds by separation of variables as in the conic case; the details have been worked out in [LP, Sec. 2] .
Lemma 2.1 On ^0(^)5 D is unitarily equivalent to the operator
and, with D^ in (1.10),
Moreover, under this equivalence, UM corresponds to
From Lemma 2.1, it is easy to compute that
We extend the operator function As{x) smoothly to (0, co) in such a way that Specifically, we will work with the same abstract framework as in [Bl] . Thus we assume the family {As{x))x>_o satisfies the assumptions , s (1.2) through (1.6) of [Bl] . Denoting by Tz the Friedrichs extension of r^, we obtain the analogue of (2.10) for Tz hence U.e-^U^e-^^ (2.11a)
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and for the kernel e-^i,^) = ^e-^^i/^A The main obstacle to obtain the expansion of this integral by the SAL, as in the conic case, is the singularity z~2 0 in (2.10), created by the scaling. To avoid it we put t := C" 20 and rewrite the integrand in (2.12) as
The next technical difficulty consists in the fact that a is not a smooth function of x € JR+. But it depends smoothly on the two variables yi = x and y^ = x^ in ]R 2 so we can apply the following extension of the SAL. 
We recall that the Mellin regularized integral of a locally integrable function / on JR-}-is defined as Accepting for the moment that Theorem 2.2 applies to (2.13), we see that the powers occuring in the expansion depend strongly on the exponents /^, the dependence becoming entirely transparent through (2.16).
Moreover, it is useful to remark that contributions to the power t° can come only from the "interior" terms in (2.16a).
It remains to verify that the a in (2.13) fulfills indeed the assumptions of Theorem 2.2. To do so, we imitate Hadamard's expansion method for the heat kernel in our setting. This has been done in [Bl] in the more special case of a commutative family (A(;r))^>o and with only small time estimates. But this approach can be generalized to the present setting to yield the following result. 
Proof of Theorem 1.3
Now we use Thm. 1.2 with I = 1 to derive an index formula for Ds. We choose e > 0 and write (^(rr) := (f){x/e}, for cf) as in (2.5). Then we derive from (1.5), Lemma 2.1, (2.8), and the Local Index Theorem the identity
From (1.2c) we see that U is conformally equivalent to a Riemannian product implying that the Pontrjagin classes and hence L(M) vanish on U. Therefore, To carry out the last limit we have used dominated convergence, observing that the integrand admits an asymptotic expansion near u == 0 and hence must be integrable since the (-limit exists. This finishes the proof of Theorem 1.3.
It is remarkable that the same argument does not work in the conic case due to the lack of e-powers. Thus the metric horns are not only amenable to conical
